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Abstract
We formalized the nuclear mass problem in the inverse problem framework. This approach allows us to infer the underlying
model parameters from experimental observation, rather than to predict the observations from the model parameters. The inverse
problem was formulated for the numerically generalized semi-empirical mass formula of Bethe and von Weizsa¨cker. It was solved
in step-by-step way based on the AME2012 nuclear database. The established parameterization describes the measured nuclear
masses of 2564 isotopes with a maximum deviation less than 2.6 MeV, starting from the number of protons and number of neutrons
equal to 1.
The explicit form of unknown functions in the generalized mass formula was discovered in a step-by-step way using the modified
least χ2 procedure, that realized in the algorithms which were developed by Lubomir Aleksandrov to solve nonlinear systems of
equations via the Gauss-Newton method, lets us to choose between two functions with same χ2 the better one. In the obtained
generalized model the corrections to the binding energy depend on nine proton (2, 8, 14, 20, 28, 50, 82, 108, 124) and ten neutron
(2, 8, 14, 20, 28, 50, 82, 124, 152, 202) magic numbers as well on the asymptotic boundaries of their influence. The obtained results
were compared with the predictions of other models.
Keywords: Bethe-Weizsa¨cker mass formula, magic numbers, binding energy, Wigner term, inverse problem
PACS: 27.30+t, 21.10.Dr, 32.10.Bi, 21.60.Ev, 21.60.Cs
1. Introduction
Semi-empirical mass formulas have been a staple of nuclear
physics since shortly after the identification of the neutron as a
constituent of the nucleus, done by Chadwick [1], which was
followed by the proposal of the composed atomic model given
by D. Ivanenko [2], in 1932, and the first nuclear shell model
[3]. The venerable formula of Bethe and von Weizsa¨cker, which
was described in detail in [4, 5], has been extended and modi-
fied frequently over the years.
The principal domain of low-energy nuclear physics is the
table of the nuclides. There are several hundred stable nuclei,
288, of the several thousand nuclides, or isotopes, that inhabit
the nuclear landscape are either stable or practically stable (that
is, have half-lives longer than the expected life of the Solar
System) [6]. Exactly these 288 nuclei form the so-called val-
ley of stability. However, the total number of nuclides is un-
known, one may note the white gap between known nuclei and
the two-neutron drip line, see Fig.1, with theoretical estimates
suggesting approximately seven thousand in total [6]. The re-
cent dramatic expansion of experimental nuclear physics facil-
Email address: schtmavr@yahoo.com;
deliyergiyev@impcas.ac.cn ( S. Cht. Mavrodieva and
M.A. Deliyergiyevb )
ities, allowing the measurement of nuclear properties very far
from that valley, has triggered, among others, a renewed inter-
est in nuclear astrophysics. Only in 2011, 100 new nuclides
were discovered [7]. They joined the approximately 3,000 sta-
ble and radioactive nuclides that either occur naturally on Earth
or are synthesized in the laboratory [8, 9, 10, 11]. We hope that
many new unstable nuclei (‘rare isotopes’) will be created and
studied in new and planned experimental facilities around the
world. By moving away from this valley, by adding nucleons,
nuclear physics enters the vast territory of short-lived radioac-
tive nuclei, which disintegrate by emitting β- and α-particles or
split into smaller parts through spontaneous fission.
As known nuclear existence ends at the drip lines, where
there is no longer enough binding energy to prevent the last
nucleons from escaping the nucleus. The placement of this line
for the heavier elements is based on uncertain hypothetical pre-
dictions. However, it is not known how uncertain it is or how
many protons and neutrons can be bound in a nucleus. The
proton-rich border of the nuclear territory has been experimen-
tally delineated up to protactinium [8] (proton number, Z = 91),
as indicated in Fig.1. The neutron-rich boundary is known only
up to oxygen (Z = 8) because of the long distance separating
the valley of stability from the neutron drip line [9]. The super
heavy nucleus with Z = 120 and A = 299 [12, 13] marks the
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Figure 1: The chart of nuclei known experimentally [74] as a function of Z and N. The stable (black squares) and radioactive (light green squares). Mean drip
lines (red) are shown together with the S 2n = 2 MeV line (brown). The landscape of bound even-even nuclei as obtained from the microscopic density functional
theory (DFT) calculations with two Skyrme interactions KDE [61], MSL1 [62] and one relativistic interaction, DD-ME1 (cyan circles) [63]. The prediction from
Weizsa¨cker-Skyrme mass formula with WS4 [49] is also included for comparison (purple squares). The data is extracted from Ref. [6, 206] and references therein.
Predictions based on the AME2012 database for the two-neutron (olive) and two-proton drip (royal) lines are also shown. The two-neutron (light olive) and two-
proton drip (light royal) lines obtained from the blind analysis of the AME2016 database using solution from the AME2012. In the left pad we show the limit of the
predicted drip-lines in this work. Stars on the left panel indicate the critical charge values for a spherical nucleus (lowest states) [211].
current limit of nuclear charge and mass. The borders of the su-
per heavy region are unknown and difficult to predict because
competition between Coulomb and shell effects can cause voids
and form exotic topologies (see Section 4 of Ref.[14]).
Although the masses of many very exotic nuclei are now
amenable to measurement [12, 13, 15, 16], many more nu-
clei of great interest in astrophysics remain beyond the capa-
bilities of modern mass measurements [6]. This has conferred
increased urgency on the development of reliable extrapola-
tions of measured masses [17], one of the classic applications
of mass formulas. However, there is significance in the nu-
merical values of the coefficients of the semi-empirical mass
formula, influencing, for instance, the deduction of the bind-
ing energy per nucleon of infinite nuclear matter, or the sym-
metry energy and surface tension of nuclear matter. These are
not easily accessed by the macroscopic-microscopic mass for-
mulas [18, 19, 20] that have been elaborated in order to repro-
duce the irregularity of the masses as functions of A and Z,
partly due to shell closings and proton and neutron number par-
ity. Nevertheless a number of models such as the finite-range
droplet model (FRDM) [17, 21, 22], the liquid drop model
(LDM), an improved LDM by inclusion of schematic micro-
scopic shell corrections [23], the Relativistic Mean Field the-
ory (RMF) [24], also known as the relativistic Hartree (RH)
[25], received wide attention due to its many successes in de-
scribing lots of nuclear phenomena [26, 27, 28] as well as suc-
cessful applications in astrophysics [29, 30, 31, 32, 33, 34],
the Duflo-Zuker model (DZ, DZ10, DZ31) [35, 36, 37], the
Garvey-Kelson model (GK) [38, 39, 40, 41], an infinite nu-
clear matter (INM) model [42, 43], the Liran-Zeldes model
(LZ) [44], the Koura-Tachibana-Uno-Yamada model (KTUY)
[45, 46], the extended Thomas-Fermi plus Strutinsky integral
model (ETFSI) [47], and the Weizsa¨cker-Skyrme model (WS,
WS3, WS4) [48, 49] have been developed to predict masses
of exotic nuclei to model the genesis of the chemical elements
[51, 50].
The rapid development of computer technology in the new
century allow us to achieve a great progress in a fully micro-
scopic framework. Based on Hartree-Fock-Bogoliubov (HFB)
theory [53, 54, 55, 56] with a Skyrme [57] or Gogny [58]
force, a series of microscopic mass models have been proposed
with accuracy comparable with that of traditional macroscopic-
microscopic mass models [59, 60]. The microscopic density
functional theory (DFT) model has achieved remarkable suc-
cess in describing the data on known nuclei with two Skyrme
interactions KDE [61], MSL1 [62] and one relativistic interac-
tion, DD-ME1 [63].
However, as one may note from the recent literature there is
still lack of knowledge about the masses of new nuclides both
in the super-heavy element region and the regions close to the
proton and neutron drip lines. There are still large deviations
among the mass predictions of different models. Moreover, the
model predictions do not completely agree between each other,
even in the region close to known masses. The accuracy and
predictive power of these nuclear mass models have been tested
in the Refs.[163, 64, 65, 66, 67, 68]). Further improvements of
the accuracy of nuclear mass models have been done with the
help of integration the image reconstruction techniques based
on the Fourier transform [69] to the nuclear models, signifi-
cantly reducing the rms deviation to the known masses with
the CLEAN algorithm [70, 71, 72]. Later on, the radial basis
function (RBF) approach was developed to improve the mass
predictions of several theoretical models [48, 52]. Compared
with the CLEAN reconstruction, the RBF approach more effec-
tively reduces the rms deviations with respect to the masses first
appearing in AME03 [48].
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All these works represent an on-going challenge for low-
energy nuclear theory, which is to describe the structure and
reactions of all nuclei, whether measured or not.
The main goal of our studies was to determine how well the
existing data, and only data, determines the mapping from the
proton and neutron numbers to the mass of the nuclear ground
state. Another is to find presumed regularities by analysis of
observed nuclei masses [73]. In addition is to provide reliable
predictive model that can be used to forecast mass values away
from the valley of stability, where no possibility exist for di-
rect measurements of the nuclei masses and one have to apply
indirect methods. The results suggest that with further devel-
opment this approach may provide a valuable complement to
conventional global models.
A set of experimental nuclear masses from AME2012, the
most recent evaluation database, that was published in De-
cember 2012 in [74, 75], constitutes the raw material for this
work. Only measured nuclei are included into our consider-
ation. The masses extrapolated from systematics and marked
with the symbol # in the error column are not taken into ac-
count here. Therefore, we use only 2564 experimental nuclear
masses, including the Hydrogen atom, to provide a deep under-
standing of the mutual influence of terms in the semi-empirical
formula previously investigated in [77]. Those experimental
values play a crucial role in our study of the separated influence
of the Wigner term, the curvature energy and different powers
of the relative neutron excess I = (N − Z)/A. The improve-
ment of the generalized liquid drop model formula (GLDM)
previously proposed in [78], whose coefficients were recently
determined once again in [79] and [80], is also the focus of this
paper.
Later the obtained solution will be used in the blind analysis
of the AME2016 [76] and the DGFRS separator [13] data.
In present work we demonstrate the applicability of the in-
verse problem approach for solution of such nuclear physics
problems. The desired result is archived by very complicated
procedures for processing the experimental data. First, we
formalize the nuclear mass problem in the framework of the
inverse problem. Second we propose the generalized form
of the Bethe-Weizsa¨ker (BW) mass formula, which helps us
to discover the latent regularities in the nuclear masses from
AME2012. And afterwards we provide a solution of the for-
malized inverse problem that was obtained with the help of the
Alexandrov dynamic auto-regularization method of the Gauss-
Newton type for ill-posed problems (Dubna REGN – Regular-
ized Gauss-Newton iteration method) [83, 84, 85, 86, 87, 88,
89], which is a constructive development of the Tikhonov regu-
larization method [91, 92, 93, 94] for ill-posed problems.
The formalism of the applied approach is given in Sec. 2.
The basis of the classic BW mass formula is sketched in Sec. 3
of this paper. The numerical generalization of the BW mass
formula is described in Sec. 4. The main conclusions of the pa-
per are drawn in Sec. 5, which also includes a discussion of the
principal results, the resulting rms deviations of the predicted
mass from the measured once and the parameter values. Pre-
dicted binding energies, nuclear and atomic masses, and mass
excess for the recently discovered nuclei at the DGFRS sepa-
rator based on fusion reactions of 48Ca with 238U-249Cf target
nuclei [13] are shown in Appendix C.
2. Theory and Method
This section begins with the concept of latent regularities in
the experimental data. An attempt is made to provide a general
mathematical formulation of this problem and to connect its oc-
currence to an effective research strategy. It explains regulariza-
tion technique within the Aleksandrov method. Furthermore, it
describes how to construct solution of non-regular problems,
based on the iteration processes for the solution of nonlinear
equations. The example of such a process is given.
The aforementioned goals stimulated us to try to clarify the
features and to find hidden regularities of the well known semi-
empirical mass formula of Bethe-Weizsa¨ker, based exclusively
on experimental data. This idea motivate us to apply the in-
verse problem approach to solve this task, which will be briefly
discussed in this and the next section.
2.1. The problem of analyzing the latent regularities
The conventional approach to physical data analysis consists
of constructing different physical models and comparing the
theoretical predictions computed for these models with the ob-
served data. Numerical modeling of physical data for given
model parameters is usually called a f orward problem. The
forward problem solution makes it possible to predict physical
observation for specific physical areas.
Usually we approximate real physics by a more or less simple
model and try to determine the model parameters from the data.
One may call this problem an inverse problem. The success of
physical interpretation depends on our ability to approximate
real physical dependencies by reasonable models, and to solve
the corresponding inverse problems effectively.
The concept of an inverse problem was formulated by
Hadamard at the beginning of the 20th century [90]. For a long
time it was assumed that such problems have nothing to do with
physics and techniques. However, the importance of such type
of problems was fully recognized in the 40’s especially from
the application point of view, this boost an intensive develop-
ments of the inverse problem method. At present time a wide
variety of nonlinear inverse problems exist in science and engi-
neering, and many examples can be found in the monographs
and surveys by Tikhonov and Arsenin [94, 95], Hofmann [96],
Banks and Kunisch [97], Engl [98], Groetsch [99], and Vasin-
Ageev [100]. Such problems are based on the comparison of
the theoretical and experimental data by solving the system of
the nonlinear operator equations on the field of real numbers R
of following type:
f j(x1, x2, . . . , xn; p1, p2, . . . , pν) = y j,
j = 1, 2, . . . ,m; 1 ≤ n ≤ m; (1)
where x ∈ D f ⊆ Rn and y ∈ D f ⊆ Rm, Rn and Rm are the n
and m dimensional real Cartesian canonical space correspond-
ingly, D f is the convex unbounded domain, the given nonlinear
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function
f j(x1, x2, . . . , xn; p1, p2, . . . , pν) ∈ C2(D f ), j = 1, 2, . . . ,m,
(2)
where
D f = (x′1, x
′′
1 ) × . . . × (x′n, x′′n ),
x′i , x
′′
i ∈ R1; p1, p2, . . . , pν ∈ R1, ν ≥ 0
(3)
are the given parameters.
The solution of the system of Eqs.(1) can be found with re-
spect to the unknowns xi ∈ (x′i , x′′i ), where i = 1, 2, . . . , n. Tak-
ing into account that Rn and Rm are the n and m dimensional
real coordinate space, that corresponds to the x and y respec-
tively and using the following notation
x = (x1, x2, . . . , xn)T ∈ D f ⊆ Rn
y = (y1, y2, . . . , ym)T ∈ D f ⊆ Rm.
(4)
The system of Eqs.(1) can be written in a vector form as:
F(x) = y. (5)
Operator F in Eq.(5) is a forward modeling nonlinear opera-
tor, that transforms any model x into the corresponding data y.
The inverse problem is formulated as the solution of the opera-
tor Eq.(5). Therefore, Eqs.(5) connect the unknown parameters
of the model with some given quantities (variables) describing
the model, in our case atomic mass number, A, and proton mass
number, Z. These quantities take the form of the so-called input
data. Generally, the input data as well as the unknown param-
eters are the elements of certain metric spaces, in particular,
Banach or Hilbert spaces, with the operator of the model acting
from the solution space to the data space.
Suppose that observed function, which describes some prop-
erty of some physical phenomenon may be denoted by f (t).
Note, that in our case the role of this function will be played
by the BW mass formula, we come to this in later sections.
Let us assume that f (t) is determined on the closed segment
S = [t1, t2], −∞<t1<t2<∞. For sake of simplicity, the indepen-
dent variable t and the function f (t) will be considered scalar
quantities. Let a set L of scalar functions gi(i = 1, 2, . . . , n),
depending on the parameters pi j(i = 1, 2, . . . , n; j = 1, 2, . . . , si)
and on the independent variable x ∈ S , be given:
L = {g1(p11, . . . , p1n1 ; t), . . . , gn(pn1, . . . , pnsn ; t)}. (6)
Further, a certain degree of smoothness of the function gi with
respect to the parameters pi j is assumed, namely, that continu-
ous second-order derivatives exist.
Based on the previous knowledge of the observed functions
or on some other conceptions (theory, analogy, phenomenol-
ogy, etc.), the following basic hypothesis is made: the observed
function f (t) may be approximated by a linear combination of
the elements of the set L as:
f (t) =
n∑
i=1
aigi(pi1, . . . , pisi ; t) = a0 +
n∑
i=1
aie−hit, (7)
where ai ≥ 0 and the number of exponents in the general case
is unknown. Due to high sensitivity of the solution to the in-
finitesimal changes of values f (t) one has to use special steady
solutions of the systems Eq.(7).
Let us demonstrate the high sensitivity of the solution of this
system. Suppose that f (u) will define the transformation of the
right hand side of Eq.(7), that transforms the points:
u = (a0, a1, . . . , an, h1, . . . , hn) ∈ R2n+1 (8)
into the points υ = (y1, y2, . . . , ym) ∈ Rni . Let Ω be the union of
the all subspaces
a0 = 0, ai = 0, hp = hq, i, p, q = 1, 2, . . . , n, p 6= q, (9)
and U = {u/u ∈ R2n+1, detJ(u) 6= 0} at 2n + 1 = m, where J(u)
is the Jacobi matrix of the function f (u).
Thus we have U ∩ Ω = Ø. One may easily check, that once
u ∈ f (U), then the non-linear problem Eq.(7) is correct [91, 94].
In the case where the point u is located close enough to the
manifold Ω one may note a sensitivity feature of the solution
Eq.(7) with respect to small deviations of the point υ.
Now we back to the made hypothesis, according to it the set
L is related to the function f (t). In this case L will be called
“characteristic function set” and denoted as L f . In addition, we
can make the following definition [73].
Definition 1: The problem of finding the set L f , the param-
eters pi j(i = 1, 2, . . . , n; j = 1, 2, . . . , si) and the amplitudes
ai(i = 1, 2, . . . , n) is defined as the full problem of analysis of
the latent regularities.
Let us analyze the series of observations of the function
{ f (tk)}1, where k = 1, 2, . . . ,m, and a set L f with a known num-
ber n of presumed relationships be given.
Based on relation Eq.(7), the unknown quantities pi j and ai
can be found by solving the following non-linear (in general,
over-determined) system
f (tk) = a0 +
n∑
i=1
aie−hitk , k = 1, 2, . . . ,m, (10)
The following vector denotations are introduced:
x = (a1, . . . , an, p11, . . . , p1s1 , . . . , pn1, . . . , pnsn ) ∈ Rl(n)
l(n) = n +
n∑
i=1
si,
F(x) = [F1(x), . . . , Fm(x)] ∈ Rm,
(11)
where
F(xk) =
a0 + n∑
i=1
aie−hi xk
 − f (xk), k = 1, 2, . . . ,m. (12)
The non-linear system Eqs.(10) may be expressed in the vec-
tor form as written in Eq.(5).
1By the series of observation we will consider the list of the observed nuclei
masses, that is given by the AME2012 database
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Let us assume that the operator F transforms the limited con-
vex subset X ⊆ Rl(n) into Rm. The Jacobian matrix of the op-
erator F with respect to x is denoted as F′. When the different
relationships have no common parameter the Jacobi matrix can
be written in following form [73]:
F′(x) =

g1(t1), .., gn(t1) a1
∂g1(t1)
∂p11
... a1
∂g1(t1)
∂p1s1
... an
∂gn(t1)
∂pnsn
g1(t2), .., gn(t2) a1
∂g1(t2)
∂p11
... a1
∂g1(t2)
∂p1s1
... an
∂gn(t2)
∂pnsn
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
g1(tm), .., gn(tm) a1
∂g1(tm)
∂p11
... a1
∂g1(tm)
∂p1s1
... an
∂gn(tm)
∂pnsn

(13)
If two or more relationships exist which have a common pa-
rameter (or parameters) the modifications in matrix F′(x) are
not essential for further considerations.
The operator H(x) = F′T (x)F′(x) will be considered regular.
Let us consider its condition number [81]:
condH(x) = ‖H−1(x)‖, ‖H(x)‖= µ1
µ2
≥ 1, (14)
where µ1 and µ2 are its greatest and smallest singular num-
bers [81], respectively. The operator H(x) is only then irregular
when µ2 = 0. In this case, if µ1 6= 0, the condition number in
Eq.(14) will be considered as infinitely large.
Let us define a real number r, such as 1<r<∞. Then
Definition 2: If the non-equality
condH(x) < r (15)
is fulfilled for all x ∈ X, the solution of Eq.(5) is defined as “the
regular problem with the modulus r”.
It can be easily verified that regularity of the problem Eq.(5)
depends on the closeness of the relationships or on their small-
ness with regard to the modulus, and also on the smallness of
the amplitudes ai or on the smallness with regard to the modulus
of the derivatives of the relationships.
If one will assume that in Eq.(5) µ1(x) 6= 0 for all x ∈ X.
Then, if r is fixed, there will always exist a sufficiently small
real number δ>0, which makes the Eq.(5) nonregular, if at least
one of the non-equalities is fulfilled:
∑m
k=1
(
gi1 (tk) − gi2 (tk)
)2 ≤ δ; i1, i2 = 1, 2, . . . , n; i1 6= i2
ai ≤ δ
|gi(tk)| ≤ δ; k = 1, 2, . . . ,m
| ∂gi(tk)
∂pi j
| ≤ δ; k = 1, 2, . . . ,m
(16)
It should be particularly stressed that perturbations of the
observed function { f (tk)} (and the presence of perturbations is
very characteristic for the problems concerning latent regulari-
ties) may also infringe on the regularity of problem Eq.(5), if at
least one of the non-equalities Eq.(16) is fulfilled with a suffi-
ciently small value of δ.
When the problem Eq.(5) is non-regular, general calculation
algorithms ensuring its solution can be constructed based on
the regularized iteration processes for the solution of non-linear
equations [82, 83, 84].
2.2. Aleksandrov method for Ill-posed nonlinear systems of
equations
When it is not feasible to give a definite indication of the type
and number of regularities (i.e. to define exactly the set L f ), the
full analysis of latent regularities becomes much more difficult.
However, even in this case it is possible to find an approximate
solution of problem Eq.(5) based on special methods. Tech-
niques known as regularization or an auto-regularized2 iteration
processes [94, 95, 83, 84, 85, 86, 87, 88] have been developed
to deal with this ill-posedness, to get stable approximations of
solutions of Eq.(5). Thus on one hand the classic solution to ill-
posed problems is to regularize the unknowns, e.g. by penaliz-
ing deviations from a prior model. It consists in approximating
a solution of Eq.(1) or Eq.(5) by minimizing the functional
x 7→ ‖ f (x) − yδ‖2+α‖x − x0‖2, (17)
where x0 typically unifies all available a priori information
on the solution, or the initial input data (approximation), α is
a positive number. On another hand one may use the itera-
tive approaches which are attractive alternatives to regulariza-
tion, since for solution of the ill-posed problems it is usually
necessary to approximate the initial, often infinite-dimensional,
problem by a finite-dimensional problem, for which numerical
algorithms and computer programs have been devised, for in-
stance, the steepest descent method [101], the Landweber iter-
ation [102], and the Landweber-Kaczmarz method, also called
algebraic reconstruction techniques (ART) [103]. However, in
the current work we apply the REGN method [83, 84, 85, 86,
87, 88, 89], which we found an appropriate choice for our in-
verse problem that will be formulated in the next section.
The ill-posedness degree provides indications on how badly
the deviations from the experimental data are echoed on the
quality of the solution. For severely ill-posed problems, the
effect of that noise is highly damaging to the solution and
has a major impact on the numerical methods. That is why
savvy practitioners use a safe approximation of it. A relevant
computed solution cannot be achieved without sophisticated
regularization strategies. Regarding these issues, we refer to
[87, 93, 104, 105] for how to numerically handle severely ill-
posed problems, in general, and to [106, 107], for the Cauchy
problem, specifically.
The solution of the inverse problem, Eq.(5), consists in de-
termining such a model x (predicted model) that generates the
predicted data yδ, that fit well the observed data y, this solu-
tion is generally obtained by deducing system parameters from
observations of the system behavior. Such kind of problems,
typically involve the estimation of certain quantities based on
indirect measurements of these quantities. The estimation pro-
cess is often ill-posed in the sense that noise in the data may
give rise to significant errors in the estimate. In other words, the
2The subgroup of the regularized Newton-Kantorovich type processes
(called “automatically controlled” or “auto-regularized”), for which the regu-
larization in each iteration (with number n) of the process is performed with
respect to value of “defect” norm of equation (||F(xn−1)||), which was obtained
basing on the previous iteration (with number n − 1).
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problem Eq.(5) is ill-posed [93] if its solution does not depend
continuously on the right hand side y, which is often obtained
by measurement and hence contains errors:
‖yδ − y‖ ≤ δ. (18)
Here we denote the measured perturbed data by yδ, δ is the ex-
perimental uncertainty (noise level), δ>0. The y in Eqs.(18)
and (5) one may interpret as a data set, which can also be char-
acterized as a function of the observation point (in the case of
continuous observations), or as a vector (in the case of discrete
observations).
One question, which arises when solving an inverse task,
is whether the results obtained are proven. This question can
be answered by comparing the results obtained by independent
methods. To illustrate such a comparison, the binding energies
and atomic masses were used as an example, see next section.
Alexandrov in his works [83, 84, 85, 86, 87, 88, 89] propose
to search for the solution of Eq.(1), or Eq.(5), for two formula-
tions
y ∈ R f ≡ FD f , (19)
y ∈ Rm \ R f , (20)
which are covered by transition to the “ϕ-transformed” [84]
problem
F(x) ≡ ϕ(x)( f (x) − y) = 0, (21)
where
ϕ(x) : Rϕ(≡ R f \ {y})→ D f (22)
is the given linear operator function. Since ϕ(x) as the linear
operator transform Rϕ to D f , and as the nonlinear function of
the x transform D f into the space of the confined real matrices,
L(Rn, Rm). The space of the confined real matrices is charac-
terized by the norm
‖A‖∞= max
i
gi n∑
i=1
|ai j|
gi
 , (23)
where A = {ai j} ∈ L(Rn, Rm).
The transformation function, ϕ(x) in Eq.(21) in the basic case
(second Gauss transformation) can be written as:
ϕ(x) = ( f ′(x))T =
{∂ f j(x)
∂xi
}T
i=1,2,...,n; j=1,2,...,m;
(24)
Therefore, the Eq.(21) for both formulations, Eqs.(19)-20
in accordance to the Alexandrov proposal [83, 84, 85, 86, 87,
88, 89] reduced to search for the solution of the “ f ′T (x)W1/2-
transformed” [89] and the α-regularized [93] problem
F(xk) ≡ f ′T (xk)W1/2( f (xk) − y) + αxk = 0, α>0, (25)
where
W = diag(ω1, ω2, . . . , ωm), ωm>0, (26)
is the weighting matrix, ωm ∈ (0,∞) are the given constants,
and α : D f → D f is the given nonlinear operator; F is a contin-
uous and Frechet differential nonlinear operator.
In the case, when the Rn is the Banach space, then it is nor-
malized by the vector norm
‖x‖∞= max
i
(gi|xi|). (27)
where gi > 0 (i = 1, 2, . . . , n) are the given weights. When
the Rn is the Euclidean space then it is characterized by the
Euclidean norm:
‖x‖2=
 n∑
i=1
x2i
1/2 , (28)
Further, by applying the iteratively regularized Gauss-
Newton method within double regularization and Eq.(25) we
can build the following regularized process:
Rεk : x0, xk+1 = xk −
[
f ′T (xk)W1/2 f ′(xk) + (α + εk)IRn
]−1
F(xk)
(29)
which can be used to find an approximate solution of Eq.(5).
Here α is the Tikhonov regularization parameter, εk is the Alek-
sandrov feedback regularization parameter. The both regular-
ization parameters are adjustable from iteration to iteration. x0
and ε0 are the initial input data (approximation), in other words
is an initial guess which may incorporate a priori knowledge on
an exact solution, in our case it is the generalized BW mass for-
mula. The xk denotes the iterative solution, k = 1, 2, . . . , k∗<∞,
where k∗ is the pseudo solution xk∗ (i.e. the solution in the best
iteration). The process, Rεk is converge according to the theo-
rem stated in Ref.[83].
Therefore, as one may note the key idea of any Newton type
method consists in repeatedly linearizing the operator Eq.(5)
around some approximate solution xk, and then solving the lin-
earized problem Eq.(29) for xk+1. However, usually these lin-
earized problems are also ill-posed if the nonlinear problem is
ill-posed and, therefore, they have to be regularized.
The linear Eq.(29) can be solved with the help of one of
the three methods [83]: Cholesky Decomposition [108, 109],
Gauss-Jordan Elimination [110] or Singular Value Decompo-
sition [111]. Aleksandrov in turn propose [84, 85, 86, 89] the
following regularizator for the process Eq.(29):
Rεk : εk =
α2
2
[(
τ2k + 4N0(%k)
pr
)1/2 − τk] . (30)
Here, %k and χ2k are both the iteration process criteria, namely
the “target criteria”, which can be written in the following form:
%k = ‖F(xk)‖∞ or %2k = ‖F(xk)‖2,
χ2k = ‖W1/2( f (xk) − y)‖22.
(31)
Based on these criteria one may say that obtained solution of the
inverse problem is a fake or true. The F(xk) for %k defined from
Eq.(25). The functionals τk and N0 in Eq.(30) are the iteration
process behavior criteria, that defined as:
τk = ‖ f ′T (xk)W1/2 f ′(xk) + αIRn‖∞,
N0 =
α1
%0
(
τ0ε0 + ε
2
0
)
, ε0 ≥ 0. (32)
6
where %0 6= 0, or N0 is a given positive number. The behavior
criteria provides information about the degree of degeneracy of
the Jacobi matrix on each step of iteration, and thus sheds light
on the stability of the implemented process Eq.(29). The α1,
α2 and pr are the internal coefficients of the auto-regularized
process. By default they are equal to unity, however in the more
general case α1, α2 ∈ [0, 1] and pr ≥ 1.
It was proven in the Ref.[83, 114] that under condition
‖(ϕ(xk) − ϕ(xk∗ )) ( f (xk) − y)‖ ≤ Q‖ϕ(xk)( f (xk) − y) + αxk‖,
(33)
where Q ∈ [0, 1) the process Eq.(29) quadratically converge
and Eq.(25) has a solution. In the case when the condition
Eq.(33) is not satisfied, then the process Eq.(29) converge lin-
early.
With analogy to the Gauss-Newton processes, Eq.(29), one
may consider the auto-regularized Newton-Kantorovich and
Schroder [115] type of processes. For this purpose one may
need to construct expressions similar to Eq.(30). For instance,
one may consider the following Newton-Kantorovich process
RNK :
x0, xk+1 = xk − vk
[
f ′T (xk) f ′(xk) + f ′′(xk( f (xk − y) + εkIRn
]
F(xk),
(34)
for which the regularization parameter of Eq.(29) is taken in the
form of:
εk =
1
2
(
(λk)2 + 4N%k − λk
)
, (35)
where λk = λ(xk) is the norm of the linear symmetric operator
which operates on the D f → D f
λk = ‖ f ′T (xk) f ′(xk) + f ′′(xk)( f (xk) − y)‖, (36)
and
N0 =
1
%0
(
λ0minε0 + ε
2
0
)
,
%k = ‖F(xk)‖2,
(37)
where f ′(x), f ′′(x) is the first and the second Frechet derivative
correspondingly, %0 6= 0, or N0 is a given positive number.
In an analysis of the experimental data, the standard devi-
ation, σm, of the measured quantities y j( j = 1, 2, . . . ,m) are
often well defined in advance. If so, in Eq.(25), one may use
the weighting matrix as:
W = diag(σ−11 , σ
−1
2 , . . . , σ
−1
m ). (38)
When the mathematical formulation of the problem is clear, but
the experimental uncertainties
((∆y)1, (∆y)2, . . . , (∆y)m)T (39)
are very rough or unknown, one may use the robust methods
to determine the weights [112, 113] or the LCH-weighting pro-
cedure3 [112, 114, 116, 117, 175]. The meaning of this proce-
dure is based on the preliminary solution of the problem Eq.(25)
with the help of the weight matrix W = IRn = diag(1, 1, . . . , 1).
This gives us the intermediate pseudo solution x∗ of the system
Eq.(25) (or Eq.(29)) and then we solve it again, with the help of
the weight matrix W [112, 113]:
W = diag
(
1
| f1(x∗) − y1| ,
1
| f2(x∗) − y2| . . . ,
1
| fm(x∗) − ym|
)
. (40)
To be sure, that the true solution is converge one may repeat
this process several times.
The essential difference between Aleksandrov method and
similar methods [121, 122, 123, 124] based on especially effec-
tive ideology of regularization of the inverse problem, is that at
each step (iteration) one may control both the decision and the
uncertainty of the solution, which is important. Aleksandrov
regularization stabilizes the solution of our ill-posed operator
equations by minimizing the weighted sum of a strictly con-
vex regularization term. The regularization term stabilizes the
solution of the problem at the expense of biasing the solution.
Note, that the regularizator proposed by Aleksandrov to solve
nonlinear ill-posed problems with the help of the iterative ap-
proach is the constructive development of the Tikhonov-Glasko
regularizator [125]:
αk =
(
1
2
)k−1
xk (41)
and the regularization parameter proposed by Ramm [126]
αk =
(
1
e
)k−1
xk. (42)
Therefore, the purpose of such functions as in Eqs.(30), (41)
and (42), to regularize the solution by filtering out the contribu-
tions of the noise in y.
The processing of the experimental data of different nature
often leads to the automatized solution of one-type systems,
connected with the analysis of hidden (latent) regularities, i.e.
hidden exponents, hidden Gauss- or Breit-Wigner functions and
so on [73, 118, 119]. The number of the hidden regularities in-
volved in each problem is unknown in the general case. In the
next section we show how these regularities been discovered in
the description of the nuclear binding energies.
Note, that with the help of the justification of the “enhanced
Newtons method” developed by Collatz Ref.[120], Alexandrov
manage to obtain the general theory of convergence and attrac-
tion, which cover the iterative regularized Newton-Kantorovich
and Gauss-Newton processes. Prior to work [84] the general
theory of convergence and attraction for the ordinary methods
of the Newton-Kantorovich and Gauss-Newton type did not ex-
ist.
3LCH is the modified least χ2 procedure, which investigates the possibility
of the existence of the minimal χ2 from the parameters that were excluded from
the considered model due to strong correlation.
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3. The Bethe-Weizsa¨cker mass formula and binding energy
of the nucleus
During the first few decades of nuclear physics, the term ‘nu-
clear forces’ was often used as being synonymous with nuclear
physics as a whole [127, 128]. Nevertheless, even today with
the onset of quantum chromodynamics, in any first approach
towards a nuclear structure problem, one assumes the nucleons
to be elementary particles.
In the theory of the liquid drop model proposed by George
Gamow [129], the binding energy per nucleon is given by for-
mula
EB(A,Z) = αvol + αsur f
1
A1/3
+ αcomb
Z(Z − 1)
A4/3
+ αsym
(N − Z)2
A2
+ αpairing
δ(A,Z)
A
+ αWigner
1
A
,
(43)
when αWigner → 0, Eq. (43) reduces to the usual BW formula.
Due to historical reasons the BW mass formula, Eq.(43), pro-
vides the baseline fit, relative to which all refinements can be
judged. That is why we decided to use this formula in our for-
mulation of the inverse problem, which will be discussed later
in the paper.
One may note, that the leading linear behavior of the binding
energy as a function of the number of nucleons is a manifesta-
tion of the saturation of nuclear forces, see Fig.2. Another man-
ifestation of saturation, following Bethe [5], the proportionality
of both the total binding energy and the nuclear volume at first
approximation to the number of nucleons. Nuclei have diffuse
surfaces, so the notion of volume is somewhat fuzzy, but an in-
dicator is provided by the measured root-mean squared (rms)
radius, 〈r2〉1/2, which sets a linear scale of the nuclear size. The
volume term, αvol, in Eq.(43) is expected to be positive, the
other three α’s negative.
Another an obvious feature in the BW is the effect of the
repulsive Coulomb interaction between protons, that informa-
tion is encoded in the third term of Eq.(43). On the basis
of simple electrostatics and dimensional arguments, the total
Coulomb energy of the nucleus is expected to be proportional to
the square of its charge and inversely proportional to its length
scale, EC ∝ Z2e2/A1/3 (called also the proton form-factor cor-
rection to the Coulomb energy in [17]), where e2 = 1.44 MeV
fm in convenient units.
The surface energy term, second term of Eq.(43), takes into
account the deficit of binding energy of the nucleons at the nu-
clear surface and corresponds to semi-infinite nuclear matter.
The symmetry term, the fourth term of Eq.(43), has another
motivation in the BW mass formula, it produces a rough bal-
ance between the number of neutrons N and number of protons
Z among the A = N+Z nucleons. In the absence of this term, the
semi-empirical mass formula would suggest maximum binding
for a nucleus consisting only of neutrons. The symmetry energy
has two contributing factors – a kinetic energy term and a poten-
tial energy term [130], that have the same form and proportional
to (N − Z)2/A. Since the isoscalar part of the interaction does
not distinguish between protons and neutrons, a qualitative es-
timate of the potential energy contribution is obtained by con-
sidering the isovector part of the nucleon-nucleon interaction.
It has the same form as the kinetic energy, which is usually es-
timated in a Fermi gas model and proportional to (N − Z)2/A.
Note the symmetry term, recalling binding energy connection
to the isospin I, which was introduced by Myers and Swiatecki
[131]. It should be noted that a more sophisticated treatment
of the nuclear interaction (as in the seniority shell model or the
Wigner supermultiplet theory [132]) would produce symmetry
energies of the form I(I + 1) or I(I + 4), respectively, where the
nuclear isospin I = |N − Z|/2.
Despite the widespread use of formula, Eq.(43), in nuclear
physics it was found that it is severely inadequate for light-
mass nuclei, especially away from the line of stability [133],
after the discovery of neutron rich light nuclei. The unusual
stability of nuclei with preferred nucleon numbers, commonly
referred to as magic numbers, can be clearly delineated by com-
paring the experimental binding energies with predictions of the
BW mass formula. However, this comparison does not indicate
the recently observed features like the disappearance of some
traditional magic numbers [134, 135, 136, 137, 138] and extra
stability for some newly observed nuclei.
These issues motivate the recent phenomenological searches
for a more generalized BW formula [139, 140, 141, 142], which
can explain the gross features of the shapes of the binding en-
ergy versus neutron number curves of all the elements from Li
to Bi. Nevertheless in order to understand and appreciate the
relevance and reliability of the semi-empirical mass formula, it
is necessary to study not only the effect of adding specific terms
to the original BW formula, but also the interplay between the
different terms. At this point, we would like to reduce the ex-
cessive inflation of discussion about different terms of the BW,
the interested reader is referred to this Ref. [77] and references
therein to familiarize oneself with rich history proposals of ad-
ditional terms for inclusion in the formula.
The existence of the heaviest atomic nuclei bound against
immediate disintegration depends on the detailed arrangement
of protons, Z, and neutrons, N, in shells that provide a second
effect on nuclear stability, which is analogous to the way elec-
trons fill atomic orbitals; see, for instance, [15, 143, 144, 145]
and references therein. Some of the effective interactions used
in the shell model approach [146, 147] can be traced back
to the nucleon-nucleon Brueckner G-matrix [148, 149, 150].
Closed shells are energetically favorable, and this modulates
the smooth trend of the binding energy predicted by the liq-
uid drop model. It has proven very successful, that few va-
lence nucleons (outside closed shells) can describe the prop-
erties of nuclei [132], including energy levels, magnetic and
quadrupole moments, electromagnetic transition probabilities,
beta-decay rates and reaction cross-sections. Moreover, this ap-
proach has also been used as the theoretical basis for several al-
gebraic nuclear models [151, 152]. Therefore, the shell model
became the standard model for describing the systematics ob-
served in the spectra and transition intensities of p− [153], sd−
[154, 155, 156] and lower f p-shell [157, 158, 159, 160] nu-
clei. Since the size of the model space increases rapidly with
the number of valence nucleons and/or orbits, full major shell
calculations were limited to nuclei with A<49 [159, 160].
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αvol αsur f αcomb αsym αpairing
16.00126[17] 21.18466[17] - - -
16.24[161] 18.63[161] - - -
15.36(3)[77] 16.42(8)[77] 0.691(2)[77] 22.53(7)[77] -
15.77(3)[164] 18.341[164] 0.711[164] 23.211[164] 11.996[79]
15.75[165] 17.8[166, 165] 0.711[165] 23.7[165] 11.18[165]
15.835[167] 18.3299[167] 0.1785[167] 23.203[167] ±11.2∗[167]
- 14 [168] - - -
- 17.9439[131] - - -
- 20.69[169] - - -
15.4920[170] 16.9707[170] - - -
15.3982 [171] 17.3401 [171] 0.6 [171] - -
-15.794 [53] 17.77 [53] - 27.95 [53] -
-15.805 [55] 17.5 [55] - 27.81 [55] -
-15.794 [54] 17.5 [54] - 28.00 [54] -
-16.247 [21] 22.92(22) [21] - 32.73(35) [21] -
〈αvol〉 〈αsur f 〉 〈αcomb〉 〈αsym〉 〈αWigner〉
19.12231 18.1929 0.518735 12.54048 28.9866
Table 1: List of the BW mass formula coefficients (in MeV) obtained using
different fitting procedures and the corresponding rms deviations (in keV). The
sign “-” in the αpairing column corresponds to even-even nuclei, and the “+” to
odd-odd nuclei. Macroscopic parameters of the different mass formulas based
on Hartree-Fock-Bogoliubov theories [55, 53, 54] and the FRDM [17, 22, 21]
are shown in the center of the table and are underlined by a horizontal line. The
quantities in parentheses for the FRDM denote the values used in the micro-
scopic part of the model. ∗ denotes the most accurate value of the pairing term
obtained from the β decay energies of isodiapheres as a function of the mass
number. The less accurate value is 33.5 MeV [167]. Results of the current
work shown in the bottom line.
Therefore continuous improvements are still needed to deter-
mine of the nuclear masses and their structure.
4. Parametrization of the Bethe-Weizsa¨cker mass formula
So far, due to absence of rigorous theory of the nucleus the
role of the various correction terms in the BW formula re-
main unclear [139, 140, 77]. As far as their empirical basis is
concerned, the introduction of correction terms into the equa-
tion for the binding energy, despite the addition of new pa-
rameters, does not lead to any appreciable improvement in the
agreement with experiment. Nevertheless, the introduction of
purely empirical corrections to the parity and the effects of the
shells considerably improves the agreement with experiment
[172, 173, 174].
The present paper attempts to provide a general mathemati-
cal formulation of this problem and to relate its occurrence to
a new research strategy. A general calculational approach to
the analysis of latent regularities is suggested, based on auto-
regularized iteration processes for solving non-linear problems,
see Sec.2.2.
The aim of our study was to investigate the BW mass formula
correction terms correlation for the whole set of nucleus masses
that have been measured [74] and to provide information on
latent regularities that may affect the nuclei formation. Recent
fits to the AME2012 atomic mass evaluation [10, 74] are given
in Table 1. One may consider the AME database as a good
playground for developing and testing different nuclear models.
In this section, we analyze fluctuations of the nuclei and
atomic masses as a many-body quantum system; we rewrite the
BW mass formula Eq.(43) in the functional analytical frame-
work of an operator equation. In particular, we discuss the ex-
istence and origin of a chaotic part in the binding energy and its
possible implications on the accuracy of theoretical mass pre-
dictions in atomic nuclei. A careful analysis of the previous at-
tempts of calculation nucleus masses reveals that all models can
reproduce experimental/empirical trends on the average [17, 10,
79, 77, 131, 161, 164, 165, 166, 167, 168, 169, 170, 171]. In
order to overcome this issue we consider a parameterized non-
linear dynamical system of equations for determining nuclei
and atomic masses from the experimental bound-state energies,
which can be written using the vector notation of Eq.(5) as:
FEThB, j(A,Z, {ai}) = EExptB, j (A,Z), (44)
FMTha.m., j(A,Z, {ai}) = MExpta.m., j(A,Z), (45)
FMThn.m., j(A,Z, {ai}) = MExptn.m., j(A,Z), (46)
F∆mThj (A,Z, {ai}) = ∆mExptj (A,Z), (47)
where F is the rectangular d × m {d = 1, . . . ,Ndata; m =
1, . . . ,Nparam} Jacobian matrix composed of the Frechet deriva-
tives with respect to the model parameters. Each system of
Eqs.(44) - (47) contains 2564 equations, which correspond to
the number of the experimental data-points. Therefore, these
systems are overdetermined because the number of considered
equations exceeds the number of parameters used in the fit. The
right hand side of these equations represented by the vector of
the observed experimental data, j is the component of this vec-
tor, also it indicates the nonlinear equation in the system.
The solution of the overdetermined system of Eqs.(44) for
the binding energy and its model is given by the real values
of the parameters ai, where i = 1, . . . ,Nparam is the number
of unknown parameters. Due to ill-posedness of the formu-
lated problem to obtain a true solution we apply the iterative
approach, which is based on the auto-regularized iteration pro-
cess of Gauss-Newton type that was described in the previous
sections (Sec.2). For more details we recommend to read the
following references [83, 86, 118].
The main idea of the any regularization algorithm is to con-
sider, instead of one ill-posed inverse problem Eq.(44), a family
of well-posed problems,
FεEThB, j(A,Z, {ai}) = EExptB, j (A,Z), (48)
which approximate the original inverse problem in some sense.
The scalar parameter ε > 0, which is defined using Eq.(30),
is called a regularization parameter. The considered regular-
ization algorithm Eq.(48) allows one to impose the following
requirement on the system (Eqs.(44)–(47))
EThB, j(A,Z, {ai})→ EtrueB, j (A,Z), if ε→ 0, (49)
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where EThB, j(A,Z, {ai}) is the solution of the inverse problem
Eq.(48), and EtrueB, j (A,Z) is the true solution of the original prob-
lem Eq.(44). Thus, we replace the solution of one ill-posed
inverse problem by the solutions of the family of well-posed
problems, assuming that these solutions, EThB, j(A,Z, {ai}), tend
asymptotically to the true solution, as ε tends to zero.
In other words, the applied regularization algorithm, as in
any other, is based on the approximation of the noncontinuous
inverse operator F−1 by the family of continuous inverse opera-
tors F−1ε E
Expt
B, j (A,Z) that depend on the regularization parameter
ε. The regularization must be such that, as ε vanishes, the op-
erators in the family should approach the exact inverse operator
F−1.
The regularized solution of the ill-posed inverse problem,
Eq.(44), is provided by minimization of the corresponding para-
metric functional
Jε(EThB (A,Z, {ai})) =
min
{
‖FEThB (A,Z, {ai}) − EExptB (A,Z)‖2+(α + ε)‖WEThB (A,Z, {ai})‖2
}
,
(50)
where the j and k indices are omitted for brevity, the Tikhonov
and Aleksandrov regularization parameters are denoted as, α
and ε correspondingly. W ∈ Rp×Nparam is a positively deter-
mined linear continuous operator in the space of model param-
eters that imposes smoothness. We assume that kerF∩kerW =
{0}, which guarantees the uniqueness of the minimizer, and the
rank of the matrixW is Nparam.
The solution of the penalized least-squares problem, Eq.(50),
is given by Eq.(29), which can be rewritten as
EB(A,Z, {ai})k+1 = EB(A,Z, {ai})k
−
[
F′T (EB(A,Z, {ai})k)F′(EB(A,Z, {ai})k) + (α + εk)IRn
]−1
×
[
F′T (EB(A,Z, {ai})k)
(
F(EB(A,Z, {ai})k) − EExptB (A,Z)k
)
+αEB(A,Z, {ai})k
]
.
(51)
We assume that the misfit between the observed data and the
true data is less than the given level of the experimental uncer-
tainties. We will just comment here that in this statement we
just follow the exposition given by Tikhonov and Arsenin [93]
and Lavrenti’ev [176]. For more details, please see Ref.[177].
So, in this situation, it is natural to search for a solution in the
set of the models such that
‖FEThB, j(A,Z, {ai}) − EExptB, j (A,Z)‖2 ≤ δ (52)
with a given experimental uncertainty δ>0.
Note, that here we just described the basic idea of the applied
method focusing only on the binding energy, the same method
have been used for the rest of the systems, Eqs.(45) -(47). In
order to proceed further one have to choose the initial model
for description of the binding energy. The BW mass formula
was chosen for this role, the motivation for this choice has been
already explained in the previous sections. It provides the base-
line fit for all the rest models [17, 10, 79, 77, 131, 161, 164,
165, 166, 167, 168, 169, 170, 171].
The generalization form of the BW mass formula in the in-
verse problem framework, Eq.(43), for the binding energy per
nucleon can be written as:
EB(A,Z, {ai}) = αvol(A,Z, {ai}1) − αsur f (A,Z, {ai}2) 1Ap1(A,Z,{ai}6)
− αcomb(A,Z, {ai}3) Z(Z − 1)Ap2(A,Z,{ai}7) − αsym(A,Z, {ai}4)
(N − Z)2
Ap3(A,Z,{ai}8)
+ αWigner(A,Z, {ai}5) δ(A,Z)Ap4(A,Z,{ai}1) + KMN(A,Z, {ai}10).
(53)
The δ(A,Z) is denoted as:
δ(A,Z) =

+1, for even N,Z
−1, for odd N,Z
0, for odd (Z + N)→ for odd A.
(54)
Note, to perform the generalization of the BW mass formula
we assume, that all the BW constant terms that are obtained as
results of the different fitting procedure (see Table 1) in the in-
verse problem framework are unknown functions of A, Z, and
N, namely structures, and the set of the unknown parameters
{ai}. In addition, we involve the Wigner term, and use the cor-
rection term instead of the pairing term, which is sensitive to
the magicity of the given atomic mass number. Since the BW
mass formula has no shell effect incorporated and thus when the
shell effect in a nucleus quenches, by including this term, the
theoretical mass should come closer to the experimental ones.
Also, the original Coulomb has been implemented in order to
have the possibility to describe the light nuclei. Therefore, we
assume that all structures corresponding to the appropriate type
of energy, namely, volume, surface, Coulomb, asymmetry and
pairing, as well as the power factors A−1/3, A−4/3, A−2, A−3/2,
are all determined with the help of the function of A, Z and
unknown number of the parameters ai, where i = 1, . . . ,Nparam.
The atomic masses that are related to the nuclear mass
Mn.m(A,Z, {ai}) described by
Ma.m(A,Z, {ai}) = Zmp + Nmn − AEB(A,Z, {ai}), (55)
Ma.m(A,Z, {ai}) may thus be connected to the experimental
atomic masses given in [74] since:
Mn.m(A,Z, {ai}) = Ma.m(A,Z, {ai}) − Zme + Be(Z). (56)
The cloud of electrons that defines atomic dynamical [178],
chemical and mechanical properties generates its own bind-
ing field, driven by the strong force that exists between all of
its constituent nucleons (neutrons and protons). As such, nu-
clei have a much less well-defined ‘center’. Thus the Be(Z) in
Eq.(56) is the binding energy of all removed electrons that is
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Figure 2: Left – binding energy per nucleon as a function of atomic mass number, A. Right – mass excess as a function of atomic mass number, A. There are 2564
data-point representing isotopes within experimentally known atomic masses (red circles), results of the our calculation (black circles). The difference between the
experimental data and the resulting true solution are shown on bottom pads respectively.
fitted by a power law accordingly to [179, 64] as
Be(Z) = aelZa240 + belZa241 , (57)
with ael = 1.44381×10−5 MeV and bel = 1.55468×10−12 MeV.
The mass excess of a nuclide is
∆m(A,Z, {ai}) = Ma.m(A,Z, {ai}) − Au, (58)
where mH = 938.782303(0.084) MeV, mn = 939.56538(4.56)
MeV, mp = 938.272046(21) MeV, mel = 0.510998928(11)
MeV [74, 180] and u = 931.494061 MeV [74, 180]. The 1 − σ
uncertainties in the last digits are given in parentheses after the
values.
In order to solve all systems of Eqs.(44)-(47) we adopt the
following procedure. First, we searched for the appropriate so-
lution for the binding energy for the given A and Z. The ob-
tained solution was used as an approximation (‘fake solution’)
to find the atomic masses, the solution for atomic masses was
in turn used to find nuclear mass. Then, the fit is performed
again, allowing the binding energy to vary for the given A and
Z. The resultant binding energy is then taken to be a new seed,
and this procedure is repeated iteratively until convergence is
reached for all systems. Indeed the system converge due to ap-
plied iterative process that was discussed in Sec.2.2.
In Figs.2, we plot the result binding energy and the mass
excess. In the bottom pads, we show the difference between
true solution and the experimental data for each of the isotopes.
There is no significant deviation for the binding energy, while
the maximum absolute deviation for the mass excess is less than
2.6 MeV.
By solving the over determined nonlinear systems with
conditions from Eqs.(49) and (52), using the different mod-
els for unknown functions αvol(A,Z, {ai}), αsur f (A,Z, {ai}),
αcomb(A,Z, {ai}), αsym(A,Z, {ai}), αWigner(A,Z, {ai}) in the step-
by-step way we obtained their explicit form, which can be ex-
pressed as follows:
αvol(A,Z, {ai}1) = exp (a1 + P (υ, {ai}1)) ,
αsur f (A,Z, {ai}2) = exp (a2 + P (υ, {ai}2)) ,
αcomb(A,Z, {ai}3) = exp (a3 + P (υ, {ai}3)) ,
αsym(A,Z, {ai}4) = exp (a4 + P (υ, {ai}4)) ,
αWigner(A,Z, {ai}5) = exp (a5 + P (υ, {ai}5)) + ωW (A,Z, {ai}).
(59)
The explicit form of functions in Eq.(59) has been obtained by
implementation of the LCH procedure [116, 117] in the itera-
tively regularized method [83] for inverse problems of discov-
ering the explicit form of the unknown functions, which is re-
alized in the Dubna REGN program [84, 85, 87], and allows us
to choose the better one of two functions with the same χ2.
The parameterized powers that were implemented in Eq.(53),
have been obtained using the same LCH procedure, that was
used for the structure functions, and can be written as:
p1(Z, A, {ai}6) = exp (a6 + P(υ, {ai}6)) ,
p2(Z, A, {ai}7) = exp (a7 + P(υ, {ai}7)) ,
p3(Z, A, {ai}8) = exp (a8 + P(υ, {ai}8)) ,
p4(Z, A, {ai}9) = exp (a9 + P(υ, {ai}9)) .
(60)
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Figure 3: Distribution of the functions WZBrWigner and W
N
BrWigner, see Eq.(68), for proton and atomic mass numbers shown together with the shell correction energy
function, see Eq.(64). Zoomed view of the shell correction function shown in the top pad.
The function P(υ, {ai}) in Eqs.(59) is defined using the expo-
nential distributions as:
P(υ, {ai} j) = exp
−
 4∑
k=1
ck(υ, {ai} j)

2 , (61)
it determines corrections to the structure terms, and also implies
corrections to the power factors with respect to the different
isotopes. The functions ck(υ, {ai} j) defined through linear series
of the variables υ and parameters ai as
c1(υ, {ai} j) = ai1υ1 + ai2υ2 + ai3υ3 + ai4υ4,
c2(υ, {ai} j) = ai5 (υ1)2 + ai6 (υ2)2 + ai7 (υ3)2 + ai8 (υ4)2,
c3(υ, {ai} j) = ai9 (υ1)3 + ai10 (υ2)3 + ai11 (υ3)3 + ai12 (υ4)3,
c4(υ, {ai} j) = ai13υ6 + ai14υ5.
(62)
Here {ai} j represents the subset of the free parameters from the
whole set of parameters that is used for the particular structure
function. The consecutive index j defines a mapping for the
chosen subset in the full set of free parameters used in this ap-
proach. For j = 1, . . . , 9 the mapping is defined is the following
way4:
{ai}1 → a10, a11, . . . , a23,
{ai}2 → a24, a25, . . . , a37,
· · ·
{ai}9 → a122, a123, . . . , a135.
(63)
Energy corrections based on magic numbers
The presented approach enables calculations of the nuclear
properties in large model spaces. The concrete subjects of
investigation are the nucleus masses and the structure behav-
ior of the BW mass formula, whose bound states are inter-
preted as highly stable elements – nuclei with closures shells,
magic numbers. In order to obtain such kind of dependencies
from magic numbers and boundaries between them, which de-
fine their influence, different inverse problems were formulated
using different values of proton and neutron magic numbers.
The LCH analysis of the solutions of these additional prob-
lems helps us to establish the explicit form of these corrections,
which depend on nine proton and ten neutron magic numbers.
However, the blind analysis of the AME2016 data generates the
slightly modified list of magic numbers, which in turn affected
the correction energies, see Fig.7 and Table 2.
The function that determines the correction energy with re-
4For an explicit example, let us examine the case when the consecutive in-
dex j = 2 in Eq.(61). Therefore, we have ck(υ, {ai}2), whose sequence of the
parameters, taken into account Eq.(63), can be written in the following way
ai1 → a24, ai2 → a25, · · · , ai14 → a37. Thus, for each of the functions P(υ, {ai})
we assign the 14 parameters from the whole set {ai}.
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Figure 4: Evolution of the power factors (see Eq.(60)) as function of the proton, neutron and atomic mass numbers respectively. On the bottom pad we show the
zoomed distribution of the p1(A,Z, ai) power factor.
spect to the magic numbers is:
KMN(Z, A, {ai}10)
= WBrWigner
(
Z,ZnearestMN ,wZ ,N,N
nearest
MN ,wN , {ai}10
)
+ ωMN(A,Z, {ai}),
(64)
where wZ and wN are the mean values of the two closest pro-
ton magic numbers and the two neutron magic numbers respec-
tively. For this function we use subset of {ai}10 which now in-
cludes 15 parameters, starting from a136 parameter in the se-
quence. This correction function provides an indicator about
the deviation in the level structure of nuclei away from closed
shells. In addition, it includes the pairing effects, which can
provide reliable information about magicity of the different pro-
ton and neutron numbers. The maximum values of the correc-
tion energy corresponds to shell closure at certain nucleon num-
ber, as will be shown later in the paper.
The ωW function in the Eq.(59) is defined as:
ωW (A,Z, {ai}) = exp
(
a237
υ7
A
+ a238
υ8
Z
+ a239
υ9
N + 1
)
. (65)
The ωMN function in Eq.(64) defined in the similar way as
ωW , the only difference it depends on the different subset of the
parameters ai as:
ωMN(A,Z, {ai}) = exp
(
a234
υ7
A
+ a235
υ8
Z
+ a236
υ9
N + 1
)
, (66)
where the variables υ7, υ8 and υ9 that used in these functions
will be defined later in the paper.
The Breit-Wigner function, WBrWigner, in Eq.(64) was con-
13
structed in the following form:
WBrWigner(Z,ZnearestMN ,wZ ,N,N
nearest
MN ,wN , {ai}10)
= WZBrWigner(Z,Z
nearest
MN ,wZ , {ai}) + WNBrWigner(N,NnearestMN ,wN , {ai}),
(67)
where
WZBrWigner(Z,Z
nearest
MN ,wZ , {ai}) = AZ
exp
(−(Z−ZnearestMN )2
2Q(υ,{ai}12)
)
(
Z − ZnearestMN
)2
+ Q(υ, {ai}12)
,
WNBrWigner(N,N
nearest
MN ,wN , {ai}) = AN
exp
(−(N−NnearestMN )2
2Q(υ,{ai}13)
)
(
N − NnearestMN
)2
+ Q(υ, {ai}13)
,
(68)
Here Z is the proton number, N is neutron number, wZ and wN
are half-width of the two closest magic numbers for the given
proton and neutron numbers respectively. One may note, that
these widths are representing the arguments of the generalized
BW mass function, which is defined as the product of the two
distributions, the Gaussian and the Breit-Wigner. Given that
prescription, one may conclude that the nearest proton or neu-
tron number is the location parameter, specifying the location
of the peak of the binding energy distribution.
The amplitudes in Eq.(68) are written as:
AZ(υ, {ai}10) = wZ + Q(υ, {ai}10),
AN(υ, {ai}11) = wN + Q(υ, {ai}11). (69)
The scale functions, Q(υ, {ai} j) in Eq.(68), which specify the
half-width at half-maximum, are given by this relation:
Q(υ, {ai} j) = exp
ai+15 −
 4∑
k=1
ck(υ, {ai} j)

2 . (70)
As one may note, the Eq.(70) is similar to the P(υ, {ai} j) func-
tion from Eq.(61), but here we have an extra term, ai+15. Due to
this term the j index is now mapping 15 parameters for each of
the function in the expressions Eq.(68) and Eq.(69):
{ai}10 → a136, a137, . . . , a150,
{ai}11 → a151, a152, . . . , a165,
· · ·
{ai}13 → a181, a182, . . . , a195,
(71)
Since experimental data has systematic uncertainties we ap-
ply robust procedures in order to estimate the weights of the
explicit form of the Breit-Wigner distributions, which has been
obtained with the help of the LCH-weights method [116, 117].
In Fig.3 we plot the distribution functions of Eq.(68). In the
top pad, we show for comparison the spectrum of the shell cor-
rection energy, Eq.(64), that reflects effect of the magicity of the
given atomic mass number. From this figure, it is clear how the
adopted Breit-Wigner functions correlates with the shell correc-
tion function.
In the given formalization, see Eqs.(44) and 53 the problem
of finding the unknown structure functions in Eq.(59) becomes
similar to the problem that was stressed in the Sec.2, namely the
problem of allocating the exponents with unknown decrement
hi and amplitudes (a0, ai) on the finite values of their sum, f (tk),
which are known approximately [118].
If we do not know the exact number of the exponents, then
this problem can be resolved by assuming that number n in
Eq.(10) is very big, bigger than the expected number of the un-
known exponents. However, to obtain the correct dependences
of the decrements on the level of the A, Z numbers in Eq.(59), it
is necessary to carry out extensive and time-consuming compu-
tations of the amplitude of the attenuating oscillations for sub-
sequent calculations of the different values of the decrements.
In the developed iteration scheme, the problem of choosing
the initial approximations (a priori knowledge) is in some sense
solved, by using values from [165], see the fifth row in Table 1,
as initial values for structure functions. The choice of pi is arbi-
trary, and in present application we suppose, that initial values
correspond to the liquid-drop model, hence we start from the
power factors p1 = 1/3, p2 = 4/3, p3 = 2/3 and p4 = 3/2. Of
course, in standard regularization a priori knowledge leads to
restriction on the solution space. However, this approximation
was chosen not because we think that it is a good description
of the binding energy, but rather because it is a necessary first
step towards the required formalism. Indeed as will be shown
further, this approximation is a useful simplification of the pa-
rameterized powers, see Eq.(60). The result power factors we
plot in Fig.4.
Independent variables and free parameters
For next step forward, one may need to define the number and
the form of the independent variables. Thus the next problem is
to choose the independent variables of the functions avol, asur f ,
acomb, asym, aWigner, and p j, where j = 1, 2, 3, 4. The hypothesis
that they are linearly independent permits one to choose them
as follow:
υ1 =
Z
A
, υ2 =
N
A
, υ3 =
N − Z
A
, υ4 =
Z
N + 1
, (72)
where Z and N are the numbers of protons and neutrons in nu-
clei, and A = Z + N. The next two the linearly independent
variables are
υ5 = log(A + 1), υ6 =
1
υ5
, (73)
We have also the corresponding four square and the four cu-
bic terms of Eq.(72) that used in Eq.(62). In addition to those
parameters three spin variables υ7, υ8, υ9 were implemented in
order to estimate the impact of valence proton and neutron in
the nuclei to the binding energy, as well as to obtain dependen-
cies of the binding energy with respect to the odd-odd, even-
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Figure 5: The shell correction energy function KMN(A,Z, {ai}) based on the magic numbers, see Eq.(64), as function of the proton Z, neutron N and atomic mass
number A respectively. The proton and neutron magic numbers displayed in respective pads within the limits of influences for each of the magic numbers. The
magnitude of magicity of the different numbers slightly differs. A large shell correction energy corresponds to shell closure at certain nucleon numbers. The magic
numbers are indicated with arrows, the boundaries of each the discovered magic numbers on top of the arrows (see Table 2 for more details). The traditional magic
numbers (Z = 20, 28, 50, 82) and (N = 20, 28, 50, 82) are clearly seen close to the stable nuclei, while the peaks close to magic numbers (Z = 2, 8) and (N = 2, 8)
are less clear.
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even, odd-even nuclei. They are defined in the following way
υ7 =
0, for odd A1, otherwise
υ8 =
0, for odd Z1, otherwise
υ9 =
0, for odd N1, otherwise
(74)
Thus, totally we use 17 linearly independent variables.
Summing up all above, let us compute the number of un-
known parameters in our parameterization. The parameters that
we found in order to describe the whole set of the experimental
data are:
nstr = 5, np = 4, nmap = 14, (75)
where nstr is the number of the structures namely, volume, sur-
face, Coulomb, asymmetry, Wigner and magic number terms,
see Eq.(59); np is the number of the power factors that used in
our parameterization, see Eq.(60), while the total number of the
structures and power factors defined as nS P = nstr + np. Thus
only for the structure functions, Eq.(59), in the BW mass for-
mula we implement
nS P + nS Pnmap = 135, (76)
where nmap is the number of parameters that we use for each of
the unknown functions in Eq.(62).
The number of parameters for the function that determines
the correction energy, Eq.(64), with respect to the magic num-
bers namely, the Breit-Wigner function, is equal to
nBrWign = 2nwidth + 2namp = 60, (77)
where we use 15 parameters to define the widths, nwidth, and 15
parameters to define the amplitudes, namp.
The number of unknown parameters in our mass function be-
fore the correction of magic numbers starts affecting the final
solution defined as n0 and written as:
n0 = nS P + nS Pnmap + nBrWign = 195. (78)
Therefore, in total we have:
Nparam = n0 + 2nmn,Z + 2nmn,N + 8 = 241, (79)
where the total number of the proton magic numbers is nmn,Z =
9, the neutron – nmn,N = 10. The factor of 2 in the front of
the magic numbers appears due to fact, that one needs take
into account the effect of the boundaries between two closest
magic numbers with respect to the examined nuclei. Nparam is
the total number of unknown free parameters that describes the
semi-empirical mass formula in the inverse problem framework
Eq.(53). Determination of these parameters of the binding en-
ergies represents nothing but a solution of the inverse problem
with approximate initial conditions.
Here we have to emphasize that many inverse problems in-
clude nuisance parameters, such as variance parameters, reg-
ularization parameters, application-specific tuning parameters,
or degrees of freedom parameters, that are not of primary in-
terest but can have significant influence on the estimation of
primary parameters. Such kind of issues arise in a great variety
of applications, including seismic inverse problems [186], dy-
namic systems [187], optimal experimental design [188], un-
certainty quantification [189] and pharmacokinetic modeling
[190]. Nevertheless, one may note that this is quite a big num-
ber with respect to the 31 independent mass-related parame-
ters used in the finite-range droplet model (FRDM) [64], or,
for instance, 19 parameters used in the Hartree-Fock BCS-
method, the HFBCS-1 mass formula, [53], and in Hartree-
Fock-Bogoliubov HBF-1 mass formulas [55]. However, this
number is less than 477 parameters required in the mass rela-
tions used in [39], or by factor of three less than 928 parameters
used in the mass predictions based on the Garvey-Kelson mass
relations [40]. Indeed, we have a big number of parameters,
because we do not know the exact number of exponents in this
framework. However, in our case it is not an ultimate num-
ber, since most of these parameters are strongly correlated with
each other, those in further computations, one can drop some of
them off from the final solution in order to keep just uncorre-
lated ones. From our estimation, the total number of unknown
parameters can be reduced by a factor of 2 or 4. Unfortunately,
the search for these kind of correlations between unknown pa-
rameters requires a lot of computation resources due to nonlin-
earity of the problem, which is currently not available for us. In
light of this issue, we decide stick to this number in the current
work.
5. Results
A major program in computational physics is to calculate
nuclear properties from underlying realistic nuclear forces. A
careful analysis of the AME2012 [74, 75] database using the
dynamic auto-regularization method or, more precisely, the
REGN program [118, 84, 87, 85], which is the constructive
development of Tikhonov regularization method [93, 94, 92],
for solving the nonlinear system of equations Eq.(53), reveals
phenomenological functional features of previously unknown
parameters of the BW mass formula.
The search and selection of the best solution has been done
with the help of the conventional statistical methods, such as
assessments of the χ2 test. The LCH-weighting procedure
[116, 117] of the REGN program helps us to choose the bet-
ter function out of two functions with the same χ2. The es-
sential difference of the Alexandrov method [84, 87, 85, 118]
from other similar methods is extremely effective ideology reg-
ularization of inverse problem solution, which on each iteration
step controls not only the actual decision, but, very importantly,
uncertainty of the solution. At the same time, it should be noted
that the transition from the mathematical theory of the auto-
regularized iterative processes, which is based on meaningful L.
Aleksandrov’s theorems of convergence [83], to Fortran codes,
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Figure 6: Structure functions αvol, αsur f , αcomb, αsym and αWigner shown with respect to the atomic mass numbers (a). The products of the structure functions with
the corresponding factors from the BW formula, Eq.(53), shown with respect to the proton, neutron and atomic mass numbers (b-d). Zoomed region in the bottom
pad shows the αvol and αsur f structure functions.
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for example, REGN-Dubna [85], FXY-Sofia-Dubna [88] is a
complicated, but technically clear work.
The presented parameterization of the binding energy allows
us to solve the formulated inverse problem, see Eqs.(44) - 47,
with the help of the Aleksandrov’s auto-regularized method.
This solution provides us description of the 2564 nucleus
masses and their binding energies starting from the atomic
mass number, A = 2, with relative error −1.1924 × 10−6 and
3.2197×10−4 for atomic mass and binding energy respectively.
Where the relative error for the binding energies, the atomic
masses and etc. was computed as:
¯rel =
1
N
N=2564∑
j=1
EExptB, j (A,Z) − EThB, j(A,Z, {ai})
EExptB, j (A,Z)
. (80)
Mean absolute error ¯abs is −0.0509 and 7.8488 × 10−4 for
atomic mass and binding energy respectively. The maximum
absolute deviation is less than 2.6 MeV for the atomic mass
and less than 0.82 MeV for the binding energy. In addition, the
various characteristics have been obtained, see Fig.4 and Fig.6.
Here we would like to note, that one might reach a deviation
less than 1.9 MeV for atomic masses by exclusion the Hydrogen
atom from the consideration.
The model standard deviation computed using the Mo¨ller and
Nix formula:
σ2mod =
1∑
w j
2564∑
j=1
w j
[(
MExpta.m., j(A,Z) − MTha.m., j(A,Z, {ai})
)2 − (σExptj )2] ,
(81)
where MTha.m., j(A,Z, {ai}) is the model prediction for the data
point i, σExptj = σ
Expt
j (A,Z) is the experimental error with which
each of the data points MExpta.m., j(A,Z) is measured, assuming that
the inherent errors of the model follow a Gaussian distribution,
see for details [22]. The same formula been used to compute
the rms values for the binding energy. The results are shown in
Table 4. Such big mean errors for the atomic mass are driven by
the very light mass sector, which is not well described by this
approach.
The mean model error is
¯mod =
1∑
w j
2564∑
j=1
w j
[(
MExpta.m., j(A,Z) − MTha.m., j(A,Z, {ai})
)]
,
(82)
The weight factor is
w j =
((
σ
Expt
j (A,Z)
)2
+
(
σThj (A,Z)
)2)−k
. (83)
The benefit of such weighting in the form given by Eq.(81) is
that one may ask if k = 2 is the only possibility, or if other val-
ues of k are possible. We shall not discuss this question in depth
here but instead will comment that if all (σExptj )
2 are equal, then
2012 data (2564 nuclei)
Proton magic numbers Neutron magic numbers
1 ≤ 2 < 5 1 ≤ 2 < 5
5 ≤ 8 < 11 5 ≤ 8 < 11
11 ≤ 14 < 17 11 ≤ 14 < 17
17 ≤ 20 < 24 17 ≤ 20 < 24
24 ≤ 28 < 39 24 ≤ 28 < 39
39 ≤ 50 < 66 39 ≤ 50 < 66
66 ≤ 82 < 95 66 ≤ 82 < 103
95 ≤ 108 < 116 103 ≤ 124 < 138
116 ≤ 124 < unknown 138 ≤ 152 < 177
177 ≤ 202 < unknown
2016 data (2496 nuclei)
66 ≤ 82 < 89 66 ≤ 82 < 104
89 ≤ 96 < 102 104 ≤ 126 < 134
102 ≤ 108 < 117 134 ≤ 142 < 147
117 ≤ 126 < unknown 147 ≤ 152 < 168
168 ≤ 184 < unknown
Table 2: The range of influence of proton and neutron magics numbers ob-
tained in this work using AME2012 data. The bottom lines correspond to the
magic numbers obtained on the base of the AME2016 using solution of the
inverse problem for the AME2012 data.
all values of k yield the same equation. However, the more in-
teresting case is how k should be chosen if the (σExptj )
2 have
different values, for details see [22]. To gain some additional
insight into the properties of the applied method we compare
the root-mean-square deviation of our calculated masses from
the AME2012 for three different choices of k factor, namely 1,
1.5 and 2. In Table 4 we provide our σmod for the different k’s.
The mean modified error, Eq.(82), of our solution is
of 1.232(1%) – 1.231(5%) MeV, the σmod of 1.11(1%) –
1.565(5%) MeV (assuming that the theoretical uncertainty
varies between 1% and 5%, see Eq.(84), and k = 2) for the
atomic mass. While for the binding energy, using the same
assumption for band of the theoretical uncertainties, we ob-
tain ¯mod, of fit of 0.044(1%) – -0.0057(5%) MeV, the σmod of
0.209(1%) – 0.223(5%) MeV, which can be compared with the
latest fits for all modern mass formulas [38, 40, 44, 43, 45, 35],
see Table 4.
From this table one may note, that σ is different for the bind-
ing energy and atomic mass. However, from Eq.(55) it is clear
that the binding energy and atomic mass are related with each
other by a constant. Therefore, where did this deference come
from? In fact, during our analysis we work with the binding
energy per nucleon, as it presented in the AME data base. This
is turn means, that if one will multiply both the experimental
binding energies and the binding energies predicted by the in-
verse problem framework by the corresponding atomic mass
number. Then will take the difference of these two energies.
The observed discrepancy will gone.
The mean error of the model is computed, assuming that the
theoretical uncertainty is modeled through a multi-band set of
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Figure 7: The possible magic proton numbers suggested by two-proton separation energies, two-proton gaps, shell correction energies, pairing energies and effective
pairing gaps for the proton (top). The possible magic neutron number suggested by two-neutron separation energies, two-neutron gaps, shell correction energies,
pairing energies and effective pairing gaps for the neutron (bottom). Magic numbers are shown for the relativistic continuum Hartree-Bogoliubov (RCHB) theory
calculation with the mostly used effective interactions NL1 [191], NL3 [192], NLSH [193], TM1 [194], TW99 [195], DD-ME1 [196], PK1 [197] and PK1R [197].
Data taken from [181]. The additional magic number candidates correspond to predictions of these models [182, 183, 184, 185, 198, 199, 200, 201, 202, 203, 204,
205], and shown in the horizontal bin – other. Predictions of the current work for the super-heavy region are shown with a black star. Note, that magic numbers are
shown along the x-axis with a fixed arbitrary scale.
3% and 5%, in the following way:
¯% =
1
N
N=2564∑
j=1
EThB, j(A,Z, {ai}) × s2 (84)
The hypothesis testing has been done with the help of for-
mula (see Eq.6 in [74]):
χ2 =
N=2564∑
j=1
EExptB, j (A,Z) − EThB, j(A,Z, {ai})σ j(A,Z)

2
, (85)
where
σ j(A,Z) = s1σ
Expt
j (A,Z) + s2E
Expt
B (A,Z). (86)
Here σExptj (A,Z) is the uncertainty of a nucleus as it has been
reported in AME2012, s1 and s2 are the nuisance parameters,
where s2 is the percentage of the given experimental value.
Eq.(85) has been applied to all considered nuclei in this work.
Table 3 illustrates the quality of the descriptions of the bind-
ing energy, the nuclear and atomic masses, and the mass excess
assuming a different hypothesis for the nuisance parameters s1
and s2. Note, that some masses of nuclei are measured with
very high precision, which can be noticed from the mass excess
column in AME2012, but due to artificial cutoff of the signif-
icant digits the uncertainties for these nuclei are given as zero
uncertainty. Since we do not know the exact numbers, we treat
uncertainties for these nuclei as 1% of the given experimental
s1 s2,% χ2 χn
EB(A,Z, {ai}) 1 0.12 × 10−1 0.230 × 104 0.996
Mn.m.(A,Z, {ai}) 1 0.337 × 10−4 0.232 × 104 0.999
Ma.m.(A,Z, {ai}) 1 0.337 × 10−4 0.232 × 104 0.999
∆m(A,Z, {ai}) 1 0.304 0.331 × 104 0.979
EB(A,Z, {ai}) 1 0 0.139 × 1013 0.245 × 105
Mn.m.(A,Z, {ai}) 1 0 0.202 × 1015 0.294 × 106
Ma.m.(A,Z, {ai}) 1 0 0.252 × 1015 0.330 × 106
∆m(A,Z, {ai}) 1 0 0.254 × 1015 0.331 × 106
Table 3: The calculated χ2 and χn for the simplest choice of s1 and s2 values,
where s2 is given in percent. Our case is the top subsection of the table, see
Eq.(86), and the case without uncertainty turning is the bottom subsection.
value.
We used such analyses in order to be able to allocate ques-
tionable uncertainties in the 2012 Audi-Wapstra tables. In Ta-
ble 3 we report the value of corrections that have been made.
In addition, one can define as above the normalized chi, χn
(or ‘consistency factor’ or Birge ratio):
χn =
√
χ2
N − Nparam (87)
where N − Nparam is the number of degrees of freedom.
As shown in Fig.6, the products of the structure functions
with the corresponding terms in the BW formula are not in-
dependent of each other but rather strongly correlated, see
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Eq.(53). From this figure, it is clear how the effect of the bind-
ing energy saturation reflected on each of the structure func-
tions. The mean value of the structure functions are shown in
Table.1.
The mean value of the power factors in the parameterized
BW mass formula do not deviate too much from the initial ap-
proximation, while p1 decreases by a factor of two with re-
spect to the initial approximation, p1 = 1/3. The mean val-
ues are 〈p1(A,Z, {ai})〉 = 0.164398, 〈p2(A,Z, {ai})〉 = 1.311083,
〈p3(A,Z, {ai})〉 = 1.88221, 〈p4(A,Z, {ai})〉 = 1.847739. The de-
pendencies of the power factors with respect to the atomic mass
number, Z and N are shown in Fig.4.
The correction function Eq.(64) in our work plays an impor-
tant role in the parameterization procedure. Since one has to
take into account the fact that there is an especially high binding
energy for nuclei with double shell closures, that is, where the
neutron and proton shells are both closed. The shell model does
a good job of explaining the stability of nuclei with neutron and
proton shell closures at 2, 8, 20, 28, 50, and 82, and when the
neutron shell closes at 126. For instance, Helium-4, which has
a double shell closure with 2 neutrons and 2 protons, is an ex-
ample of a highly stable element. But where the closed shells
are located in the heavy element region is less certain. Vari-
ous models predict that it should occur at Z = 114, 120, or 126
for the protons and N = 150, 164, 172 and 184 for the neutrons
[162, 181, 182, 183, 184, 185]. The defined correction func-
tion in Eq.(64) provides an indicator about the deviation in the
level structure of nuclei away from closed shells. In addition,
it includes the pairing effects, which can also provide reliable
information about the magic number. Fig.5 shows the correc-
tion energies, see Eq.(64), as a function of mass numbers Z,N
and A. The peaks on Fig.5 represent the possible magic proton
and neutron numbers. A peak is enhanced if a magic proton
number exists, the boundaries of the discovered magic numbers
are shown in Table 2. Therefore the analysis of the latent reg-
ularities allows us to rediscover the already known set of the
magic numbers (2, 8, 20, 28, 50, 82), and obtain the additional
magic numbers for proton and neutrons. Also as a consequence
of our parameterized solution, we obtain the total number of
magic numbers. We have compared our magic number candi-
dates with results of previous works, this result is illustrated in
Fig.7.
The obtained results and validation of our approach on the
big set of the experimental data allows us to probe the outer
boundary of the island of enhanced nuclear stability. There-
fore, we make a prediction for the binding energy, nuclear and
atomic mass, and mass excess of the recently discovery nuclei
at the DGFRS separator [13], see Table C.6. In addition, we
performed the blind analysis of the 2496 nuclei with N,Z ≥ 1
from the AME2016 [76] data using solution obtained on the
base of the AME2012 data. Results of this analysis are shown
in Table 4, new set of magic numbers is shown in Table 2.
The nuclear landscape, illustrated in Fig.1, is visualized by a
plot of all known nuclei (green squares) and the valley of sta-
bility (black squares), with neutron number on the x-axis and
proton number on the y- axis. The point where some of the
nucleons, protons or neutrons, will be completely unbound is
known as a nuclear drip line, because it is as if the extra nucle-
ons drip right off the nucleus. To find where these drip lines are
on the nuclear landscape, the separation energy is needed. In
finding both the proton and neutron drip lines, even-even nuclei
were used. Since only even-even nuclei were considered, two
neutron (S 2n) and two proton (S 2p) separation energies were
used. These energies required to remove two neutrons and two
protons
S 2n(N,Z) = (Z+N)EB(N,Z, {ai})−(Z+(N−2))EB(N−2,Z, {ai}),
(88)
in the case of neutron shells, and the two-proton separation en-
ergy
S 2p(N,Z) = (Z+N)EB(N,Z, {ai})−((Z−2)+N)EB(N,Z−2, {ai}),
(89)
in the case of proton shells. The two-neutron and two proton
drip lines are reached when S 2n ≈ 0 and S 2p ≈ 0, respectively.
In the real math we compute the separation energies until they
do change the sign to minus, then we took the previous even-
even nuclei for which the values of S 2n and S 2p are very close
to zero as our drip-line limit. Since by convention, our values
for the binding energy are per nucleon, that is, we put the ad-
ditional factors in front of the binding energy. The result drip
lines are shown in Fig.1. We observe that the drip lines reach
some asymptotic limit, which occurs due to the asymptotic be-
havior of the variables υ1, υ2, υ3, see Fig.9, which were intro-
duced in Eq.(72), and represent the discovered arguments of the
separation energies.
6. Summary
Summarizing the above results, we may say that based on the
obtained solution, the signatures of the traditional magic num-
bers 2, 8, 20, 28, 50, 82, which are clearly seen to be close to the
stable nuclei, there is indication for some other shell closures at
Z = 14, 108, 124 and N = 14, 124, 152, 202, that are supported
by the correction energies, see Eq.(64). However, as one may
note, the peaks for these magic numbers looks more smeared
than those from the general set. The function Eq.(64) used for
the correction energy, representing the overall behavior of the
single-particle spectra, may be a good candidate to identify the
magicity of nuclei. As seen from Fig.7 the obtained magic pro-
ton number candidates have been proposed in the modified Lu-
cas’ geometrical packing scheme [184], while the magic neu-
tron number candidates are new and do not match any models.
Blind analysis of the AME2016 dataset with the same solution
gives us a slightly different spectra of magic numbers. With a
tail of Z = 96, 108, 126 and N = 126, 142, 152, 184, see Ta-
ble 2.
We found that results of the verification of the Bethe-
Weizsa¨cker mass formula in the inverse problem frame-
work greatly improve the agreement between the experimen-
tal masses and the calculated ones, see Fig.8, and thus pre-
dicts the drip-lines more accurately than calculated earlier
[139, 140, 210] with the modified Bethe-Weizsa¨cker mass for-
mula alone. This demonstration show us, that the implementa-
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Figure 8: (a)(b) – Residuals of the experimental data and result of theoretical predictions of the generalized BW mass formula fitted with the help of the Gaussian
distribution function using the AME2012 (2564 nuclei), (c)(d) – results of the blind analysis of the AME2016 (2496 nuclei) data using solution obtained on the base
of the AME2012 data. Result of the binding energies fit is shown on the left panel, result for the atomic masses fits – center panel. Right panel – deviations of the
different tunes of the BW mass formula, namely, Wapstra[167], Rohlf[165], Alonso [212] with the experimental data, results of this work shown on top pad.
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Figure 9: The behavior of variables υ1, υ2, υ3, see Eq.(72), which are the dis-
covered arguments of drip-lines of S 2p(Z,N) and S 2n(Z,N) presented in Fig.1.
tion of inverse problem method with the different mass models
can become a very effective tool for providing mass predictions
in regions far from known nuclear masses.
We adopt a procedure in which we compute all structure
functions from scratch, which allows us to provide some pre-
dictions regarding the magic numbers. A correlation between
the surface, Coulomb, asymmetry and Wigner terms has been
found which allows us to avoid the introduction of different ra-
dius constants for the nuclear and the spin-orbit potentials.
The volume and surface symmetry terms are shown, see
Fig.6, to be largely independent of the other terms in the for-
mula, while the Coulomb diffuseness correction Z(Z − 1)/Ap1
or the charge exchange correction (N−Z)2/Ap3 , asymmetry and
Wigner correction terms are of critical importance in determin-
ing the nucleon binding energy and play the main role to im-
prove the accuracy of the mass formula. The Wigner term and
the curvature energy can also be used separately for the same
purpose. The interplay between different terms is found to be
important.
We were able to calculate the borders of the nuclear land-
scape (drip lines) and show their limit, Fig.1(b). This finding
together with the asymptotic behavior, see Fig.9, and accurate
predictions of the binding energies of all known isotopes allows
us to obtain quite precise predictions for the location of the pro-
ton and neutron drip lines, and claim the exact number of bound
nuclei in the nuclear landscape. We would like to comment that
this result is not in a conflict with respect to the problem of the
critical charge in QED, for interested reader we refer to [211],
where one may find all necessary details. We are of course
aware that the super-heavy isotopes in Fig.1(b) cannot be pro-
duced at present and may be even at future facilities and that, so
far, only theoretical studies may be carried out in such region
of the nuclear chart.
The concept of ill-posed problems and the associated regu-
larization theories seem to provide a satisfactory framework to
solve nuclear physics problems. This new perspective may be
used for testing the applications of the liquid model in different
areas, for forecasting the mass values away from the valley of
stability, for calculation of kinetic and total energy of nuclear
proton, alpha, cluster decays and spontaneous fission, for pre-
liminary research of island stability problem and the possibility
of creating new super-heavy elements in the future.
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1995 data 2001 data 2003 data 2003 data 2012 data
(1768 nuclei) (2135 nuclei) (382 nuclei) (2149 nuclei) (2353 nuclei)
Model σ ¯ σ ¯ σ ¯ σmod ¯mod σ σRBF σ σRBF
RMF [52] 2.217 0.488∗
HFBCS-1 [53] 0.738 0.102 0.805 0.180 1.115 0.494 1.056 0.460
HFB-1 [55] 0.772 0.026 0.764 -0.057 1.123 0.510 1.091 0.494
HFB-2 [54] 0.674 0.000 0.769 0.377 0.724 0.356
HFB-21 [60, 52] 0.572 0.410∗
FRDM [17, 21, 22, 52] 0.678 0.023 0.676 0.072 0.655 0.247 0.485 0.202 0.656 0.283∗ 0.654 0.268∗
TF-FRDM [161] 0.662 −0.034 0.655 −0.036 0.655 -0.085 0.511 -0.121
DZ10 [35, 36, 52] 0.375 −0.010 0.373 0.009 0.479 0.054 0.378 0.028 0.591 0.225∗
DZ31 [37, 52] 0.397 0.204∗
Koura et al. [45] 0.680 0.012 0.682 0.053 0.755 0.200 0.676 0.163
KTUY [46, 52] 0.701 0.210∗
Nayak-Satpathy [43] 0.359 0.000 0.485 0.047 0.837 0.229 0.779 0.208
GK [38, 39][41] 0.163 −0.010 0.717 0.127 0.653 0.096 0.0677 – 0.1665
Ja¨necke-Masson [40] 0.247 −0.010 0.319 0.010 0.540 0.070 0.451 0.071
Liran-Zeldes [44] 0.276 −0.005 0.586 −0.036 0.722 -0.226 0.554 -0.253
ETFSI-2 [47] 0.719 0.360∗
WS3 [48, 52] 0.336 0.223∗ 0.335 0.207∗
2003 (371 nuclei (N,Z ≥ 28) )
LDM [23, 69] 1.9307 0.8763∗∗
LDMM [23, 69] 0.9955 0.3718∗∗
DZ10 [35, 36, 69] 0.3348 0.2727∗∗
2012 data (2436 nuclei (N,Z ≥ 1))
This work σ ¯ σmod ¯mod
(for k = 2) 0.197 – 0.194 0.085 – (-0.033)
EB(A,Z, {ai}) 0.0280 6.173 × 10−4 (for k = 1.5) 0.824 – 0.474 1.85 – (-0.195)
(for k = 1) 3.064 – 0.867 20.458 – (-0.654)
(for k = 2) 1.257 – 1.1257 0.822 – (-0.821)
Ma.m.(A,Z, {ai}) 0.5487 0.001 (for k = 1.5) 0.232 – 0.104 (28.073 – 5.614)×10−3
(for k = 1) 0.033 – 0.007 (57.607 – 2.304)×10−5
2012 data (2564 nuclei (N,Z ≥ 1))
(for k = 2) 0.209 – 0.223 0.044 – (-0.057)
EB(A,Z, {ai}) 0.0312 7.849 × 10−4 (for k = 1.5) 0.805 – 0.534 0.650 – (-0.330)
(for k = 1) 2.946 – 0.970 8.701 – (-1.089)
(for k = 2) 1.11 – 1.565 1.232 – 1.231
Ma.m.(A,Z, {ai}) 0.5508 0.051 (for k = 1.5) 0.205 – 0.129 (42.157 – 8.422)×10−3
(for k = 1) 0.0294 – 0.0083 (86.531 – 3.4549)×10−5
2016 data (2496 nuclei (N,Z ≥ 1))
(for k = 2) 0.191 – 0.176 0.084 – (-0.02)
EB(A,Z, {ai}) 0.028 6.519 × 10−4 (for k = 1.5) 0.799 – 0.426 1.469 – (-0.117)
(for k = 1) 2.977 – 0.777 20.38 – (-0.389)
(for k = 2) 1.264 –1.264 0.8291 – 0.8291
Ma.m.(A,Z, {ai}) 0.5573 0.0011 (for k = 1.5) 0.233 – 0.104 (28.254 – 5.651)×10−3
(for k = 1) 0.033 – 0.007 (57.29 – 2.292)×10−5
Table 4: The simplest rms error (σ) and mean error (¯) of fits given by various mass formulas to the masses of the AME2001 [207] evaluations. These numbers
taken from [64] with the typo corrections for the 1995 data. Since, the original (σ) for the HFBCS-1 [53], HFB-1 [55], DZ10 [35, 36], Koura [45], Garvey [38, 39]
and Liran-Zeldes [44] is different with respect to the numbers, that were shown by Lunney in [64] (see Table 1 in [64] for details). Mass formula HFB-2 was
fitted to the 2001 compilation, but all others were fitted to the 1995 or earlier evaluations [208, 209]. The FRDM stays for the finite-range droplet model [17],
ETFSI is the extended Thomas-Fermi plus Strutinsky integral model [47], KTUY is the Koura-Tachibana-Uno-Yamada model [46], WS3 is the latest version of
the Weizca¨cker-Skyrme model [48], DZ10 and DZ31 corresponds to the Duflo-Zuker model with 10 and 31 free parameters respectively [35, 36, 37], LDM is the
liquid drop model, LDMM is an improved LDM by inclusion of schematic microscopic shell corrections [23]. (∗) denotes the rms values obtained as result of the
improvement of the given mass model prediction by application of the radial basis function (RBF) approach corrections to the considered model [52]. (∗∗) denotes
the rms values obtained as result of the improvement of the given mass model prediction with the help of the CLEAN method [71, 71, 72] to the considered model
[69]. All errors are in MeV, except the mean relative error, which is dimensionless. The weighted rms error (σmod), mean error (¯mod) were computed with the help
of the Mo¨ller-Nix formula, see Eqs.(81) and (82). Results are shown assuming that the theoretical uncertainty varies between 1% and 5% for the atomic mass.
27
Appendix A. Binding energy in the limit of high atomic mass
(a) (b)
(c) (d)
Figure A.10: Current observation of binding energy and mass excess – left panels, the theoretical prediction coming from the inverse problem approach – right
panels.
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Appendix C. Predicted binding energies for super-heave nuclei
# Element A Z N N − Z EB(A,Z, ai),MeV Mn.m.(A,Z, ai),MeV Ma.m.(A,Z, ai),MeV ∆m(A,Z, ai),MeV
1 Rf 266 104 162 58 7.347272E+00 2.478344E+05 2.478886E+05 1.111566E+02
2 Rf 267 104 163 59 7.337124E+00 2.487693E+05 2.488235E+05 1.145900E+02
3 Rf 265 104 161 57 7.351197E+00 2.469011E+05 2.469553E+05 1.093922E+02
4 Db 270 105 165 60 7.309896E+00 2.515720E+05 2.516268E+05 1.233610E+02
5 Db 268 105 163 58 7.324159E+00 2.497037E+05 2.497584E+05 1.180157E+02
6 Db 267 105 162 57 7.332720E+00 2.487692E+05 2.488239E+05 1.149828E+02
7 Sg 271 106 165 59 7.303195E+00 2.525048E+05 2.525600E+05 1.251554E+02
8 Sg 269 106 163 57 7.315578E+00 2.506369E+05 2.506922E+05 1.202882E+02
9 Bh 274 107 167 60 7.276404E+00 2.553076E+05 2.553634E+05 1.340175E+02
10 Bh 272 107 165 58 7.288834E+00 2.534396E+05 2.534954E+05 1.290466E+02
11 Bh 271 107 164 57 7.296593E+00 2.525052E+05 2.525611E+05 1.261614E+02
12 Bh 270 107 163 56 7.299442E+00 2.515722E+05 2.516280E+05 1.246177E+02
13 Hs 278 108 170 62 7.251689E+00 2.590423E+05 2.590986E+05 1.432848E+02
14 Hs 277 108 169 61 7.255759E+00 2.581088E+05 2.581652E+05 1.413378E+02
15 Hs 275 108 167 59 7.268007E+00 2.562409E+05 2.562972E+05 1.363384E+02
16 Hs 273 108 165 57 7.278576E+00 2.543734E+05 2.544297E+05 1.318465E+02
17 Ds 275 110 165 55 7.245400E+00 2.562444E+05 2.563019E+05 1.409894E+02
18 Ds 282 110 172 62 7.218340E+00 2.627783E+05 2.628357E+05 1.544015E+02
19 Cn 279 112 167 55 7.202836E+00 2.599829E+05 2.600414E+05 1.546022E+02
20 Cn 286 112 174 62 7.183875E+00 2.665149E+05 2.665734E+05 1.661045E+02
21 Uut 285 113 173 60 7.168579E+00 2.665179E+05 2.665770E+05 1.696960E+02
22 Uut 284 113 172 59 7.173791E+00 2.655841E+05 2.656431E+05 1.673079E+02
23 Uut 283 113 171 58 7.174276E+00 2.646515E+05 2.647106E+05 1.662726E+02
24 Uut 282 113 170 57 7.178497E+00 2.637179E+05 2.637770E+05 1.641808E+02
25 Uut 281 113 169 56 7.177952E+00 2.627857E+05 2.628448E+05 1.634417E+02
26 Fl 283 114 169 55 7.160960E+00 2.637216E+05 2.637812E+05 1.683609E+02
27 Fl 290 114 176 62 7.148446E+00 2.702520E+05 2.703116E+05 1.783625E+02
28 Uup 290 115 175 60 7.130962E+00 2.702558E+05 2.703159E+05 1.826495E+02
29 Uup 289 115 174 59 7.135262E+00 2.693221E+05 2.693823E+05 1.804667E+02
30 Uup 288 115 173 58 7.134916E+00 2.683898E+05 2.684499E+05 1.796303E+02
31 Uup 287 115 172 57 7.138300E+00 2.674564E+05 2.675165E+05 1.777225E+02
32 Lv 294 116 178 62 7.112522E+00 2.739896E+05 2.740503E+05 1.910493E+02
33 Lv 293 116 177 61 7.112366E+00 2.730572E+05 2.731179E+05 1.901364E+02
34 Lv 292 116 176 60 7.117242E+00 2.721233E+05 2.721840E+05 1.877537E+02
35 Lv 291 116 175 59 7.116469E+00 2.711911E+05 2.712518E+05 1.870244E+02
36 Lv 290 116 174 58 7.120447E+00 2.702575E+05 2.703182E+05 1.849159E+02
37 Uuo 293 118 175 57 7.078260E+00 2.730645E+05 2.731263E+05 1.985633E+02
38 Uuo 294 118 176 58 7.080706E+00 2.739963E+05 2.740581E+05 1.988371E+02
39 Uuo 295 118 177 59 7.077515E+00 2.749297E+05 2.749915E+05 2.007692E+02
40 Uuo 296 118 178 60 7.079352E+00 2.758617E+05 2.759235E+05 2.012193E+02
41 Uuo 297 118 179 61 7.075598E+00 2.767953E+05 2.768571E+05 2.033261E+02
42 Uuu119 295 119 176 57 7.057279E+00 2.749344E+05 2.749967E+05 2.059557E+02
43 Uuu119 296 119 177 58 7.055425E+00 2.758674E+05 2.759298E+05 2.075185E+02
44 Uuu119 297 119 178 59 7.057551E+00 2.767993E+05 2.768616E+05 2.079030E+02
45 Uuu120 295 120 175 55 7.034902E+00 2.749397E+05 2.750025E+05 2.117737E+02
46 Uuu120 296 120 176 56 7.038956E+00 2.758710E+05 2.759339E+05 2.116103E+02
47 Uuu120 297 120 177 57 7.037373E+00 2.768040E+05 2.768668E+05 2.131127E+02
48 Uuu120 298 120 178 58 7.040808E+00 2.777355E+05 2.777984E+05 2.131231E+02
49 Uuu120 299 120 179 59 7.038653E+00 2.786687E+05 2.787315E+05 2.147980E+02
Table C.6: Predicted binding energies, nuclear and atomic masses, and mass excess for the recently discovery nuclei
at the DGFRS separator based on fusion reactions of 48Ca with 238U–249Cf target nuclei [13].
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